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Abstract Residence time distributions (RTDs) have been used extensively for quantifying flow and trans-
port in subsurface hydrology. In geochemical approaches, environmental tracer concentrations are used in
conjunction with simple lumped parameter models (LPMs). Conversely, numerical simulation techniques
require large amounts of parameterization and estimated RTDs are certainly limited by associated uncer-
tainties. In this study, we apply a nonparametric deconvolution approach to estimate RTDs using environ-
mental tracer concentrations. The model is based only on the assumption that flow is steady enough that
the observed concentrations are well approximated by linear superposition of the input concentrations
with the RTD; that is, the convolution integral holds. Even with large amounts of environmental tracer con-
centration data, the entire shape of an RTD remains highly nonunique. However, accurate estimates of
mean ages and in some cases prediction of young portions of the RTD may be possible. The most useful
type of data was found to be the use of a time series of tritium. This was due to the sharp variations in
atmospheric concentrations and a short half-life. Conversely, the use of CFC compounds with smoothly
varying atmospheric concentrations was more prone to nonuniqueness. This work highlights the benefits
and limitations of using environmental tracer data to estimate whole RTDs with either LPMs or through
numerical simulation. However, the ability of the nonparametric approach developed here to correct for
mixing biases in mean ages appears promising.

1. Introduction

Determining the distribution of groundwater ages at wells and discharge features continues to be of inter-
est. The reason for this is that these distributions directly relate to time scales of flow and transport in
groundwater systems. This is because groundwater age distributions arise from the same processes that dic-
tate solute transport processes [Ginn, 1999; Engdahl et al., 2012]. Techniques for estimating these distribu-
tions can generally fall into two categories: geochemical techniques and numerical modeling techniques.

In geochemical techniques, environmental tracers are used in conjunction with lumped parameter models
(LPMs) [Corcho Alvardo et al., 2007; Knowles et al., 2010; Land and Huff, 2009; Genereux et al., 2009; Solomon
et al., 2010; Stolp et al., 2010]. LPMs define the mixing in aquifer systems assuming simple geometries,
recharge rates, or advective-dispersive relationships [Maloszewski and Zuber, 1982]. Multiple conceptual
models may also be combined to define mixing in systems, which can greatly improve the resulting LPMs,
but the assumptions of models are rarely interrogated. When fitting these models with observations of mul-
tiple tracer concentrations, the parameters that define these models can be constrained by data from multi-
ple tracers [Massoudieh and Ginn, 2011; Massoudieh et al., 2012].

The numerical simulation of groundwater age distributions has also received much attention [Varni and Car-
rera, 1998; Ginn, 1999; Cornaton and Perrochet, 2006a]. These methods have allowed for an understanding
of how residence time distributions behave in advective dispersive groundwater systems. Applications of
such methods have demonstrated RTDs in simple flow systems [Varni and Carrera, 1998; Etcheverry and Per-
rochet, 2000; Cornaton and Perrochet, 2006a; Woolfenden and Ginn, 2009], topographically driven flow sys-
tems [Cardenas, 2007; Cardenas and Jiang, 2010] and heterogeneous flow systems [Cornaton and Perrochet,
2006b; Engdahl et al., 2012; Weissmann et al., 2002]. The use of environmental tracers in the context of such
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models generally results in a hypothesis testing scenario whereby models can be validated based on transit
time distributions that explain one or multiple environmental tracer concentrations [Varni and Carrera,
1998; Weissmann et al., 2002; Leray et al., 2012]. However, these concentrations can often be fit by multiple
RTDs resulting in nonuniqueness and limited improvement through the use of environmental tracer data.

A third technique that is not widely used is the direct estimation of the RTD using nonparametric or shape
free approaches. These methods have been used to interpret aquifer tracer tests [Fienen et al., 2006], bank fil-
tration time frames [Cirpka et al., 2007], stream tracer tests [Payn et al., 2008; Liao and Cirpka, 2011; Liao et al.,
2013], and in aquifer environmental tracer studies [Visser et al., 2013; Massoudieh et al., 2014]. The advantage
of this approach is that the estimation is free from the need of an assumed model, bypassing issues associated
with model choice and parameterization. These methods often rely on the use of large data sets to infer RTDs.
In examples where environmental tracer data were used, the detail of the RTDs (i.e., number of discrete values
estimated) is limited by the number of tracers used [Visser et al., 2013; Massoudieh et al., 2014].

In this paper, we investigate the application of deconvolution techniques to estimate high-resolution RTDs
with varying levels of environmental tracer data. We test the method using a time series of tritium, CFCs,
and SF6 obtained at varying times and CFCs, SF6, tritium, and bomb peak 14C at a single time. Traditionally,
deconvolution methods are implemented using detailed data sets. In the cases presented here, the amount
of observation data is less than the number of discrete values we wish to inform so we propose the use of
truncated singular value to solve the deconvolution equations. We test the method for synthetic cases
where the shape of RTDs is known and random errors are applied to the data. We then assess the method
using previously published data.

2. Theory

2.1. Deconvolution
The relationship between environmental tracer concentrations in groundwater, historical atmospheric con-
centrations, and steady state aquifer residence time distributions can be given by the convolution integral
[Maloszewski and Zuber, 1982, equation 6]:

cout5

ðt

0
gðsÞcinðt2sÞe2ksds (1)

where cout is the observed concentration in the aquifer (corrected for solubility for gas tracers and heterogeneous
reactions for reactive tracers), g is the age frequency distribution (i.e., RTD), cin is the atmospheric concentration, k
is the radioactive decay constant, and t is the time of sampling. If we have nc concentrations and ng discrete bins
of the age frequency distribution, we can rewrite this equation in discretized form [Cirpka et al., 2007]:

co5Xg (2)

where co is a nc 3 1 vector and the rows of X are defined as:

Xrow5cinðt2sÞe2ksds (3)

where s represents discrete values of age and X is a nc 3 ng matrix. Multiple rows for the vector co and the
matrix X can arise from either for a time series of a single tracer, multiple tracers at a single time or a mix-
ture of both. (It is important to note that if tracers are obtained at different times then the flow and trans-
port is assumed to be steady state.) It is important that the age frequency distribution integrates to one,
and that no discrete value of g is less than zero. To enforce the first constraint, we use the equation:

DsTg51 (4)

where Ds is a ng 3 1 vector of ds entries. To implement the second constraint, we use a method similar to
Cirpka et al. [2007] where:
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Hg50 (5)

where H is a nm 3 ng (where nm is the number of active constraints) matrix defined as:

Hij5
1; if gj is affected by the ith constraint

0; otherwise

(
(6)

By applying the maximum likelihood approach to equation (2) (assuming normally distributed and uncorre-
lated errors with a zero mean) and constraining the solution using equations (4) and (5) through Lagrange
multipliers we arrive at:

XTQX Ds HT

Ds 0 0

H 0 0

2
664

3
775

g

m1

m

2
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3
7755

XTQco

1

0

2
664

3
775 (7)

where the matrix Q is a weighting matrix whereby the diagonal elements are 1/r2 of the measured concen-
tration (i.e., C(e) 5 Q21, where C(e) is the measurement covariance), m1 is the Lagrange multiplier associated
with the constraint required for integration to one and m is the vector of Lagrange multipliers implemented
for non-negative values. The addition and removal of constraints relating to non-negativity requires an iter-
ative procedure. Constraints are added or removed as follows:

gj < 0! add ; constraint ; for ; element ; j

mi � 0! keep ; constraint ; i

mi > 0! remove ; constraint ; i

The method differs from that of Cirpka et al. [2007] in that no variogram regularization is implemented, it is
required that the age frequency distribution integrates to 1 and that a constraint of a zero frequency at the
zero travel time is not enforced. The concept of zero age water is difficult as water is only of zero age instan-
taneously at the interface between recharge and groundwater. As such, any well screened below the water
table should have no zero age water. Additionally, when applying this model at a discharge feature the
assumption would require that water travel no distance since recharge. Although these assumptions are of
considerable limitation, we have allowed for the zero age frequency to be greater than zero so as to assess
the sensitivity of entire age distributions to environmental tracer concentrations. This constraint has previ-
ously been removed when applying the model to hyporheic zones [Liao and Cirpka, 2011; Liao et al., 2013].
By forcing the RTD to integrate to one, we have forced the complete definition of the RTD over the specified
range of the discrete values. This has implications if there are travel times greater than our maximum age.
However, this constraint was implemented to allow for the moments (i.e., mean and variance, discussed
later) to be estimated, and due to the use of some tracers that have a historic concentration over age ranges
greater than those used here (e.g., Carbon-14).

2.2. Truncated Singular Value Decomposition (tSVD) and Parameter Informativeness
In a typical environmental system, the number of measured tracer concentrations is likely to be much
smaller than the desired number of discrete values of the age frequency distributions. As such, the solution
will be ill-posed and nonunique. For this reason, truncated Singular Value Decomposition (tSVD) was used
as a solution technique. SVD is a useful method for analyzing and solving singular or almost singular sets of
equations [Press et al., 1986]. This method also acts as a form of regularization. The principle of this is that
the norm of the solution is made small by excluding smaller singular values. The result is that small pertur-
bations (i.e., errors) in the observed concentrations will not lead to large errors in the solution. The draw-
back however is that unlike Tikhonov regularization (as implemented by Fienen et al. [2006]; Cirpka et al.
[2007]; and others) this method is applied to the entire solution vector, including the Lagrange multipliers.
In this case, the matrix on the left hand side of equation (7) is represented as:
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A5

XTQX Ds HT

Ds 0 0

H 0 0

2
664

3
775 (8)

The singular value decomposition of A results in its approximation with three matrices:

A5PRRT (9)

where P and R are the left and right orthogonal matrices and R is a diagonal matrix containing the singular
values of A. In the truncation method, the matrices P, R, and R are approximated as:

A5 P1 P2½ �
R1 0

0 R2

" #
RT

1

RT
2

" #
(10)

Here subscripts 1 and 2 denote elements in the two subspaces—solution and null, respectively. The criteria
whereby the truncation point is determined will be discussed below. The (nonunique) solution of the prob-
lem is achieved by calculating a pseudo inverse:

A215R
R1 0

0 0

" #21

PT (11)

whereby only the singular values in the solution space are used to estimate the best solution. The choice of
the separation of R between R1 and R2 is important because it quantifies the nonuniqueness of the solution
in terms of the dimensionality of the null-space (the dimension of R2). One suggested location for the number
of singular values used was the number that minimized the error of the prediction [Moore and Doherty, 2005;
Doherty and Hunt, 2009]. To determine the point we perform, the singular value decomposition such that:

XTQX 5 USVT (12)

It is important to note that U, V, and S are the left orthogonal matrix, the right orthogonal matrix, and the
singular values of XTQX, respectively (not A). The error of these estimates is defined as:

½r2�i5iTV2VT
2CðpÞV2VT

2i1iTGCðeÞGTi (13)

where C(p) is the covariance matrix of the parameters, C(e) is the covariance matrix of the observations, i is
a vector where the entries are one for all locations relating to the ith parameter and zero elsewhere and:

G5ðUTS21
1 VÞXTQ (14)

The diagonal entries of C(p) and C(e) contain the variance of the parameters and observations, respectively
(off-diagonal entries are zero). G represents the use of the pseudo inverse to map the observational error
back to the parameters. Essentially, this equation relates the error of the estimates to the precalibration
error and measurement error based on how much of the parameter is in the null space and how much of
the parameter is in the solution space. The proportion of parameters undefined (i.e., portion in the null-
space) are given the precalibration error of the parameter and the proportion that exists in the solution
space is constrained by propagating the measurement error. This proportion, defined by Doherty and Hunt
[2009] as identifiability is given as:

hi5iTðV1VT
1Þi (15)

In the case presented here, identifiability is a measure of what proportion of each discrete value of the age
frequency can be resolved with the measured environmental tracer concentrations. This reflects the
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sensitivity of measured environmental tracer concentrations to the discrete value of the age frequency dis-
tribution. This quantity is useful in that it represents how well the given data can inform the RTD without an
assumed model. A low value for a discrete range of the RTD will result in estimates being nonunique and
unable to be resolved by the given data. A high value suggests a high level of sensitivity, allowing a discrete
value to be well resolved. By calculating this quantity of each discrete value, we can assess the ability of the
tested data to inform ranges of the RTD.

The choice of values for C(p) and C(e) is also important. In general, if nothing is known about the distribu-
tion, then a discrete value of g has the potential to have a value between 0 and 1/ds. If we assume that
three standard deviations cover this range, then we can approximate a precalibration variance of (1/ds/6)2.
In determining the separation of R between R1 and R2, the error in equation (13) is calculated for the use of
one to ng singular values. The number of singular values that give the minimum error are then used to
establish the truncation point for the solution of equation (7). In application, the Lagrange multipliers are
multiplied by the highest singular value obtained in equation (12). This ensures that the constraints are
maintained in the solution procedure. This is required as a consequence of the application of the tSVD
method rather than a Tikhonov regularization method.

2.3. Other Metrics
In addition to the estimates of the entire distribution, estimates of the mean age (Al), new water fraction
(fnew), a metric for early arrival time (A10), and the second central moment of the age distribution ðAr2Þ were
estimated. The mean age is obtained as:

Al5gTads (16)

where a is a vector of the discrete values of age. The fraction of new water was the proportion of the distri-
bution younger than 50 years. The early arrival time metric was taken as the point where the cumulative
age distribution reached 10%. The second central moment or variance is a measure of the width of the dis-
tribution. It has been demonstrated in other applications that environmental tracer concentrations are sen-
sitive to the first two central moments of the age distribution [Varni and Carrera, 1998; Waugh et al. 2003].
Variance was calculated as:

Ar2 5gTbds (17)

where the entries of b are determined as:

bi5ðai2AlÞ2 (18)

2.4. Choice of Data to Test
The robustness of the estimation of the nonparametric model was tested on three separate data sets, in
order to evaluate the performance of the inversion in a real context. The first was a time series of tritium
data. This type of data was based on data from the Fischa-Dagnitz system [Stolp et al., 2010; Rank and
Papesch, 2003]. The error applied to tritium estimates was 10%. This was selected due to analytical errors
and also the spatial variability of atmospheric concentrations resulting in further errors. The second type of
data was based on the sampling of CFCs and SF6 at multiple times. This was based on the data available
from the Delmarva Peninsula [Dunkle et al., 1993; Ekwurzel et al., 1994; Busenberg and Plummer, 2000; Busen-
berg and Plummer, 2008]. The errors of CFC and SF6 data were assumed to be 5%. This is for analytical errors
and is lower than for tritium as the atmospheric mixing ratios of these elements are consistent and fairly
well known. The third type of data was based on data collected from Costa Rica by Solomon et al. [2010].
Here we assumed that Bomb Peak 14C, tritium, CFCs, and SF6 had been collected at a single time in 2010.
Bomb Peak 14C was assumed to have a 10% error.

The errors stated above were used to form the C(e) matrix in equation (13) and the matrix Q in equation (7).
It was assumed that percentages, when multiplied by observation values, represented errors as standard
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deviations. As such, the diagonal elements represent squared standard deviation values and off diagonal
elements were set to a value of zero.

3. Synthetic RTDs and Tracer Concentrations

The performance of the proposed method will first be considered under known conditions using syntheti-
cally generated RTDs and environmental tracer concentrations. Random noise is added to the simulated
concentrations to represent measurement error, and the resulting concentrations are used in the deconvo-
lution to estimate the RTDs for two test cases: a closed form RTD (section 3.1), and a synthetic aquifer model
(section 3.2).

3.1. Analytical RTDs
3.1.1. Generation of RTDs
The theoretical model for the RTD in this section uses an ensemble of independent streamtubes. The gov-
erning equation for the age frequency distribution is:

@hg
@t

1r � ðvhgÞ1r � ðDhrgÞ1 @hg
@a

50 (19)

where t is time, a is age, v is groundwater velocity, h is porosity, D is the dispersion tensor, and g is value of
the age frequency distribution for a given age, at a given point in space and time [Ginn et al., 2009].

If we employ two terms, x05x=v and Pe5vx=D, the solution to the constant coefficient (i.e., completely
homogeneous), steady state (in time) form of equation (19) is [Ginn et al., 2009]:

gðaÞ5
ffiffiffiffiffiffiffiffiffiffi
x0Pe
4pa3

r
exp

2Pe a2x0ð Þ2

4x0a

 !
(20)

The contribution from multiple streamtubes to mixing, e.g., in a well or discharge feature would then give
rise to a superposition of multiple instances of equation (20), each weighted by the fraction of solute flux
along each respective streamtube. The combined age frequency distribution of multiple steamtubes with
distributions g1; ; g2; . . . ; gn is:

g5f1g11f2g21 . . . fngn (21)

where fi is the fraction of the total flux that occurs along the ith streamtube for the total sample (the sum of
all values of f equals 1). This type of distribution may occur typically in layered or heterogeneous aquifers
where multiple streamtubes contribute or in long well screens in aquifers with multiple recharge sources. A
random approach was taken to simulating the RTDs. The number of streamtubes was arbitrarily chosen to
be between one and three. To do this, initially a random number (z) between zero and one was generated.
The number of streamtubes (ns) was then determined as:

ns5

1; z � 0:5

2; 0:5 < z � 0:8

3; z > 0:8

8>><
>>: (22)

Values for x
0

were randomly generated from a uniform distribution between 0 and 100. Values for Pe were
selected from a distribution based on data from Gelhar et al. [1992]. Only data for regional and ambient
tests were used. When multiple streamtubes were implemented (values of z> 0.5), a constant value of Pe
was used and only values of x

0
were altered. Values of fi were generated randomly and normalized to sum

to one.

The range of values of x
0

being limited to 100 years was implemented as only transient tracers were tested.
These included compounds only produced since 1950 and compounds used based on sharp increases due
to nuclear testing. These tracers are generally only used for residence times less than 60 years.
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Environmental tracer concentra-
tions associated with the ran-
domly generated RTDs were
obtained using the convolution
integral presented in equation (1)
and atmospheric concentrations
(cin) presented in Figure 1. Noise
was added to the simulated con-
centrations to simulate some
degree of measurement error.
The final concentrations were
selected by drawing a value from
a normal distribution with the
true concentration as the mean
and a standard deviation that is
some percentage of the mean (as
outlined in section 2.4).

3.1.2. Results
The most reliable estimates of
RTDs from the deconvolution of

the environmental tracer data were the estimates made using tritium data (Figure 2). These estimates accu-
rately represented the shape of the distributions for ages younger than 50 years (Figures 2a, 2d, and 2g).
Estimates made using CFCs and SF6 at multiple times produced a more averaged behavior. This is especially
evident in Figure 2g. Estimates made using concentrations of 14C, 3H, CFCs, and SF6 at a single time pro-
duced a similar averaging fit and overpredicted the frequency of younger residence times. This type of data
also predicts a small amount of water in the minimum age bin.

The use of tritium time series is the most informative (i.e., gave the highest values of identifiability) of age
frequency distributions particularly at young ages (Figures 2b, 2e, and 2h). The pattern is different for each
scenario. The range of discrete values that are able to be informed by the data set will be partly determined
by the atmospheric concentrations but also the sampling concentrations as the matrix Q in equation (7) is
determined as a proportion of the measurement. The other two data types implemented show a high value
for identifiability at early times before dropping significantly. In most cases, less than half of the discrete
interval can be informed by the environmental tracer concentrations, as evidenced by the identifiability.
This suggests that the chosen combinations of tracers are unable to inform a large portion of the RTD. As
an example, this is demonstrated in Figure 2g, where the ability to predict the RTD is highly variable for
ages greater than 40 years.

Errors increase with decreasing identifiability. Even where identifiability is high errors are not reduced by
much (with the exception of early small values of age when using tritium time series). This suggests that
the estimation is still quite sensitive to the errors in sample concentrations. Additionally, the relatively large
errors suggest that estimated RTDs will remain highly nonunique, meaning that the constraint on mixtures
provided by environmental tracers is somewhat limited.

Figure 3 presents the results of the estimation of metrics discussed in section 2.3 using the deconvolution
method and differing types of environmental tracer data. When using a long time series of tritium, mean
ages less than 50 years are predicted well by the method (Figure 3a). For values greater than this, the pre-
diction is less accurate and biases to younger age. This reflects the inability of the concentrations to inform
older components of the distribution. Estimates of the fraction of water younger than 50 years (Figure 3b)
and the age that 10% of water is younger than (Figure 3c) are also well predicted with this data type. The
second moment of the age distribution is predicted poorly by the method (Figure 3d). This likely reflects
the inability of the method to inform greater ages which contribute to this estimate.

When using CFCs and SF6 at multiple times, mean ages less than 50 years are predicted well by the method
(Figure 3e). The fraction of water less than 50 years is not predicted as well as for the use of tritium particu-
larly for waters that have almost no water less than 50 years or almost all water greater than 50 years of age

Figure 1. Atmospheric concentrations used for inversion (cin).
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(Figure 3f). The age for which 10% of all water is younger is predicted well with this type of data for values
less than 40 years (Figure 3g). As with the use of tritium data, the second moment of the RTD is predicted
poorly (Figure 3h).

When using 14C, 3H, CFCs, and SF6 at a single time, predictions of mean ages show the most scatter; how-
ever, they are generally of the correct order for values less than 50 years (Figure 3i). Estimates of the fraction
of water less than 50 years show similar biases as Scenario 2, whereby predictions are more incorrect near
extreme values of zero and one (Figure 3j). The predictions of ages for which 10% of waters are younger
appear strongly biased toward smaller values (Figure 3k). This is consistent with what was observed in Fig-
ure 2—that this type of data overpredicted the youngest discrete values of the age frequency distribution.
As with the other two data types, accurate estimates of the second moment of the RTD were not obtained.

With regard to the ability of each of the data types to represent RTDs, variations in atmospheric concentra-
tions as well as short half lives result in sequential tritium measurements being uncorrelated, providing
greater information about RTDs. Conversely, CFC compounds have smoothly varying atmospheric concen-
trations and individual CFC11, CFC12, and CFC113 have similar variations in atmospheric concentrations.
This limits the information that can be obtained about the RTD when using multiple CFCs. Hence, tritium
time series data are better able to provide information about portions of the RTD for ages less than 50
years.

Figure 2. Three examples of the procedure for fitting RTD data for an annual time series of tritium (Scenario 1), CFCs and SF6 for 5 year sampling intervals between 1990 and 2010 (Sce-
nario 2), and a single sampling of 3H, 14C, CFCs, and SF6 (Scenario 3). Figures 2a, 2d, and 2g represent actual and estimated RTDs, Figures 2b, 2e, and 2h represent the identifiability (cal-
culated using equation (15)) of individual bins and figures 2c, 2f, and 2i represent the error of estimates (subject to assumptions outlined in methods).
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3.1.3. Impact of Assumed Values
Despite the nonparametric nature of the method, a number of decisions are important in the estimation
process. First, the size (ds) and range of the discrete values (ng) used will impact on the estimated RTD. The
size will determine the level of detail able to be reproduced and the range will impact the values chosen. In
the cases presented here, the tracers used are indicators of time scales less than 60 years so this is the main
consideration in the range. The choice of ds is often an artifact of the level of data available. However, the
method may initially estimate RTDs with a course discretization, and then be refined over smaller ranges,
reducing the number of zero values and allowing for detail to be estimated in nonzero areas.

The magnitude of the errors is also important as this will ultimately decide the truncation point between
the null and solution spaces. Ideally, these errors should include analytical and sampling errors in addition
to uncertainties associated with historical concentration variations. If these errors are estimated to be too
low, a larger number of singular values will be used resulting in a higher condition number. This in turn will
result in large errors in the estimated RTD from the measurement errors. Figure 4 presents a sensitivity of
the RTD estimation process to the assumed error. We used the RTD presented in Figure 2g with differing
assumed error values. In these cases, concentrations were regenerated with half and double the random
errors and the analysis was reperformed. For the tritium time series, a halving of the error results in a similar
estimate of the RTD (Figure 4a). In this case, the identifiability (Figure 4b) was similar to the error used and

Figure 3. Estimates of mean age (Al), new water fraction (fnew), 10% arrival time (A10), and second moment of the age distribution ðAr2 Þ for 100 synthetic RTDs using a time series of trit-
ium (Scenario 1), CFCs, and SF6 for 5 year intervals between 1990 and 2010 (Scenario 2), and a single sampling of 3H, 14C, CFCs, and SF6(Scenario 3).
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the error of the estimate was reduced (Figure 4c). When the error was doubled, the RTD was predicted accu-
rately over a shorter range of discrete age values (Figure 4a). In this case, the identifiability was significantly
lower (Figure 4b) and errors are higher (Figure 4c).

When using the other types of data, despite changes in the predicted RTDs (Figures 4d and 4g), the change
in errors and identifiability were not as large (Figures 4e, 4f, 4h, and 4i). These results are related to the sen-
sitivity of the RTD to the data types. The RTD estimate is more sensitive to the tritium time series and hence
the errors, whereas the other two data types are not as sensitive, and create inaccurate results independent
of the chosen error value.

3.2. Synthetic Heterogeneous Aquifer
3.2.1. Generation of RTDs
The method was also assessed in a synthetic heterogeneous aquifer. The quatification of RTDs in heteroge-
neous environments is quite challenging; however, this is of interest given the relationship between the
RTD and the solute transport properties [Engdahl et al., 2012]. Here RTDs and environmental tracer concen-
trations were simulated using numerical models. In this case, simulations were undertaken in a synthetic
aquifer used in McCallum et al. [2014]. The synthetic aquifer was simulated using the direct sampling
method [Mariethoz et al., 2010] with the use of an elementary training image and transform invariant distan-
ces [Mariethoz and Kelly, 2011]. Although flow and transport processes are strictly three dimensional, a two-
dimensional example was used. The heterogeneous K-field of the synthetic aquifer was simulated to

Figure 4. Impact of assumed observation errors on RTD estimation (based on RTD presented in Figure 4g). Figures 4a–4c represent the estimated RTD, identifiability and error, respec-
tively, when using a tritium time series. Figures 4d–4f represent the RTD estimation, identifiability, and error, respectively, when using CFCs and SF6 at multiple times. Figures 4g–4i repre-
sent the RTD estimation, identifiability, and error, respectively, of estimates made using 3H, 14C, CFCs, and SF6 at one time. The figure compares the use of chosen errors (‘‘Error’’—section
2.4), a halving of this error ‘‘Half Error’’) and a doubling of this error ‘‘Double Error’’).
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represent a fluvial system. For numerical modeling, the problem domain was set up to extend 500 m (x
directional) by 200 m (y directional) by 1 m (z directional) (Figure 4a). Numerical flow modeling was under-
taken using HydroGeoSphere [Therrien et al., 2006]. For flow modeling, a flux of 3.0 m/yr was applied to the
boundary at x 5 0 m and a constant head of 1.5 m was imposed to simulate two-dimensional saturated
flow from the left to the right of the domain. A uniform porosity of 0.3 was implemented and RTDs and
environmental tracer concentrations were simulated using particle tracking techniques, specifically, the Ito-
Fokker-Plank interpolation method [Labolle et al., 1996].

The simulated concentrations were given measurement errors based on the percentages outlined above
then implemented with the deconvolution method to estimate RTDs at each of the 100 wells presented in
Figure 5a.

3.2.2. Results
Figure 5b presents simulated RTDs estimated from concentrations obtained at the white point in Figure 5a.
This point represents a multimodal distribution that arises from the heterogeneous aquifer (as evidenced
by multiple inflexion points at ages of 25 and 40 years). As with the analytical RTDs, the use of a time series
of tritium data best reproduces the actual RTD. The use of CFCs and SF6 at multiple times is able to repre-
sent earlier portions of the RTD. However, the use of 14C, 3H, CFCs, and SF6 at a single time fails to represent
the RTD well for any range of ages, offering limited information.

Additionally, the metrics Al, fnew, and A10 were estimated for the 100 RTDS off the synthetic aquifer. Figure
5c shows that accurate estimates of the mean age were obtained for the points located in the synthetic
aquifer. Estimates made with a time series of tritium and CFCs and SF6 collected at multiple times were very
accurate. Some estimates made using 14C, 3H, CFCs, and SF6 at a single time overpredicted mean ages in
some cases. The different combinations of tracers also reproduce metrics of and fnew and A10 variably, with
the tritium time series and CFCs and SF6 at multiple times doing a better job than 14C, 3H, CFCs, and SF6 at a
single time. The poor performance of this type of data relates to the averaging fit. This results in the

Figure 5. (a) Heterogeneous field and locations of 100 wells. The white point indicates the location where the RTD in Figure 2B was obtained. (b) Estimation of RTD at Well022 (identified
by the white point in Figure 5a). Figures 5c–5e represent estimates of mean age (Al), new water fraction (fnew), and earliest arrival time (t0) for 100 wells presented in Figure 5a using a
time series of tritium (Scenario 1), CFCs and SF6 for 5 year intervals between 1990 and 2010 (Scenario 2), and a single sampling of 3H, 14C, CFCs, and SF6 (Scenario 3).

Water Resources Research 10.1002/2013WR014974

MCCALLUM ET AL. VC 2014. American Geophysical Union. All Rights Reserved. 2032



underprediction of early arrival times and an overprediction of older fractions of water, agreeable with the
fit in Figure 5b. This result indicates, however, that time series data in such an aquifer may be useful in
determining some aspects of RTDs.

4. Application to Literature Data

In this section, we apply the nonparametric estimation method to field data published from previous stud-
ies. In these cases, the age distributions are not known therefore making comparison impossible. However,
this allows us to test the methods’ applicability to real world data sets.

4.1. Fischa-Dagintz
4.1.1. Data
This section performs an analysis on data presented by Stolp et al. [2010]. The data are collected from a
spring in the Fischa-Dagintz system in the Vienna basin in Austria. Tritium data have been obtained regu-
larly from the site since the 1960s. The authors interpreted the data using a hybrid exponential model
(which assumes mixing via vertical stratification) and the dispersion model (which represents Fickian mix-
ing). The authors also used a single measurement of 3He; however, we have not used this point here as it is
unlikely that these two tracers move through the subsurface at the same rate [Labolle et al. 2006].

The Fischa-Dagintz system is composed of three springs and the stream they create. Recharge to the
springs is thought to occur from a river 20 km away. Additional recharge is thought to have been contrib-
uted by irrigation and precipitation [Stolp et al., 2010].

4.1.2. Results
The estimated RTD was able to recreate observed concentrations very well (Figure 6a). The estimated RTD
had a small fraction of water in the youngest bin (Figure 6b). Some detail is observed for ages less than 40
years; however, the data are unable to inform the RTD after this point. The identifiability also shows interest-
ing patterns (Figure 6c). It appears that bins are either entirely identifiable or not identifiable. This is most
likely due to the spacing of the sampling times in addition to the atmospheric concentrations. The error fol-
lows a similar pattern as it is determined by the amount of identifiability. In bins where identifiability is
high, errors are due to propagation of measurement errors, rather than precalibration errors. The estimated
mean age of the distribution was approximately 21 years compared to an estimate from just fitting the trit-
ium data of 14 years by Stolp et al. [2010]. It was estimated that the fraction of water younger then 50 years
was 0.89.

The fraction of water in the youngest bin is consistent with the model of recharge through precipitation
and irrigation near the stream. The general roughness of the curve may represent various paths taken by
water to the discharge points. As a comparison, the parametric model is composed of two distinct modes
(i.e., distinct peaks), indicating water from two distinct sources. The estimation undertaken here indicates
that multiple small fractions of water come from multiple sources.

4.2. Delmarva Peninsula
4.2.1. Data
This section performs analysis on data from a single well located in Locust Grove on the Delmarva peninsula
in Maryland, USA. The data used were presented in Dunkle et al. [1993]; Ekwurzel et al. [1994]; Busenberg and
Plummer [2000]; Busenberg and Plummer [2008]. At this site, CFC-11 and CFC-12 were originally obtained in
the early 1990s. Subsequent data collection has occurred resulting in the addition of CFC-113 and SF6.

Bore KEBE052 forms part of a greater monitoring network on the Delmarva Peninsula. The aquifer is formed
of gravels sands and clays deposited in transgressive and regressive sequences. The surficial aquifer is char-
acterized by shallow water tables and low gradients [Ekwurzel et al., 1994].

4.2.2. Results
Although some trends are recreated, the deconvolution procedure does not fit all data exactly (Figures 7a–
7d). This may be due to tracers moving at different rates, the system not being in steady state as assumed
by the method or simply that the concentrations could not be well represented by the number of singular
values that minimized the error. Estimated concentrations show little sensitivity to the RTD as demonstrated
by the identifiability in Figure 7f. This suggests that this level of data may not be informative of the RTDs.
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Although the choice of CFCs at
multiple times were based on
this site, the data set is relatively
poor compared to those gener-
ated in section 3. As such, errors
remain large and estimates of
the RTD are likely to be highly
nonunique.

The method predicted a mean
age of 5 years. This compares to
apparent ages ranging between
7.1 years and 9.8 years for the
same bore [Busenberg et al.,
2008] and an advective age of
8.1 years from groundwater mod-
eling [Reilly et al., 1994]. In gen-
eral, however, little information
can be accepted from the decon-
volution undertaken here, as the
method is clearly unable to cap-
ture the important processes and
details that lead to groundwater
concentrations at the site. How-
ever, the measure of identifiabil-
ity gives insight into what
portions of the RTD can be
informed by the type of data col-
lected here.

5. Discussion and
Conclusions

The results of this paper show
that even with a long time series
of tritium, it is still difficult to use
sparse measurements to provide
robust estimates of the ground-
water age distribution. The
exceptions to this were the
examples that used a long time
series of tritium data but tritium
cannot be used in systems with a
large fraction of old water. The
terms ‘‘long’’ and ‘‘old’’ are also
relative terms and the age distri-
butions we considered had maxi-

mum ages less than 102, which is a much narrower distribution of ages than many modeling studies have
shown. At longer time scales, the tracers used here would have to be replaced by other naturally occurring
tracers and there may be large uncertainties in the source concentrations and locations of such tracers.
However, even in the absence of a high-resolution, long-term record of tracer concentrations, it is still possi-
ble to use the proposed method to provide a plausible estimate of a portion of the age distribution. All of
the tracers we tested were able to provide accurate estimates of the mean ages and this can be used in sim-
plified piston-flow models. These models obviously cannot account for dispersion of groundwater age, but
they may be sufficient for guiding future work.

Figure 6. (a) Measured (dots) and estimated (lines) tritium concentrations and (b) Esti-
mated RTD, (c) Identifiably and (d) error of estimate using tritium time series data from
the Fischa-Dagnitz system in Austria.
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The ability of the procedure to fit environmental tracer concentrations, despite highly nonunique RTDs also
raises important questions. The use of error minimization between observed and modeled concentrations
as a process by which to validate a choice of LPM seems somewhat flawed. More work is required to vali-
date the choice of a specific LPM in a particular environment as data fit is not a reliable metric. Examples of
this are provided by Massoudieh et al. [2012] and Eberts et al. [2012].

Additional issues include the choice of tracers to use in the future. Given the decay of bomb-peak tritium,
the information gained from a time series of tritium will be limited in the future. Tritium proved useful as
atmospheric concentrations were not smoothly variable and the short half-life meant that sequential meas-
urements were less correlated. The use of time series of CFCs and SF6 are limited by the smooth variation of
atmospheric concentrations. Krypton-85 has a similar short half-life to tritium; however, atmospheric con-
centrations vary smoothly, similar to CFCs, which may reduce the usefulness of this compound.

One of our fundamental assumptions is that the flow system has reached a steady state but this is not nec-
essarily a valid assumption in many real-world scenarios. Transient conditions from long-term pumping
[Cornaton, 2012], seasonal changes in the velocity field [Gomez and Wilson, 2013], or even higher frequency
diurnal fluctuations can have profound effects on the age distribution. These effects are reflected (or will
eventually be reflected) in the observed concentrations but it is the assumption of a steady state RTD that is

Figure 7. Measured (dots) and estimated (lines) concentrations of (a) CFC-11, (b) CFC-12, (c) CFC-113, and (d) SF6 and (e) Estimated RTD, (f) Identifiably, and (g) error of estimated data
from monitoring well KEBE52 on the Delmarva peninsula in Maryland.
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difficult to overcome without
explicit knowledge of the tran-
sient conditions. Another restric-
tive assumption was that all of
the tracers behave as conserva-
tive tracers with identical trans-
port properties. In reality, the CFC
compounds are susceptible to
sorption and they can also be
affected by degradation reac-
tions [Cook and Solomon, 1997]. If
these processes are known to
occur within the domain, it may
be possible to account for them
but any uncertainty in the
assumed process will propagate
through the entire estimate [Mas-
soudieh et al., 2012].

The choice to force the RTD to
integrate to unity had implica-
tions for the metrics estimated.
This was evidenced by the inabil-

ity of the method to predict Ar2 and greater values of Al. However, the metrics calculated required this con-
straint to be enforced. Allowing the zero age frequency to be greater than zero also contributed to errors.
The exponential model, which assumes a maximum frequency at zero age, is commonly used. We found
that the use of multiple tracers at a single time often resulted in the estimation of some water of zero age.
In practice, if a well is not drawn down below the top of the screen when sampling, a zero frequency at
zero age should be implemented. The errors chosen for environmental tracer concentrations are also impor-
tant as demonstrated in section 3.1.3. Ultimately, these errors will determine the truncation point between
the null and solution spaces. The identifiability quantity is highly sensitive to this estimate and as such a
choice of a different value would have impacted the ranges of discrete values certain data types can
inform.

The accuracy of the method was assessed with a long time series of tritium concentrations. In reality, a long
complete time series is not available and the usefulness of this tracer will reduce with the continued decay
of bomb peak concentrations. Figure 8 shows the sensitivity of the estimated RTD in Figure 2g to the length
of the time series. In all cases, the last year of the time series was 2012. The accuracy was determined as the
sum of squared errors between the actual RTD and the estimated RTD. A significant error is observed for a
time series shorter than 22 years. This is related to the reduction in bomb peak concentrations and hence
the detail obtained by the collected time series.

Most of the estimated and simulated age distributions in this work were generally unimodal; however, the
simulated age distribution in Figure 2g is an example of a more complex age distribution that is composed
of three dominant flow paths with very different mean ages. The dispersion in that example system is insuf-
ficient to further mix the flow paths but this is partially an artifact from the streamline model we used which
does not allow the flow paths to interact, forcing scale dependent dispersion [Engdahl et al., 2013]. In natu-
ral porous media, lateral mixing should smooth out some of the contrast in these distributions but the
sharply contrasting multimodal distribution is likely in fractured or layered aquifers, and complex heteroge-
neous domains often have multimodal distributions also. Even though the estimates from our method are
imperfect (only reliable estimates of the mean age were found), the approach appears to work well regard-
less of the heterogeneity structure of the system. This is promising since accounting for the different effects
of heterogeneities is often one of the most difficult tasks when attempting to estimate age distributions
[Engdahl et al., 2012].

The main strength of the method attempted here is that estimates of the RTD do not rely on the prior
assumption of one or multiple models. Instead, the estimated RTDs will only be a reflection of the

Figure 8. Impact of tritium time series length or RTD estimation (based on RTD presented
in Figure 2g). All time series ended in 2012. The accuracy was calculated as the sum of
squared errors between the discrete values of the estimated cumulative distribution and
the actual cumulative distribution.
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relationship between historic atmospheric concentrations and those measured in an aquifer or at a dis-
charge feature. Ultimately, our work has shown that in some cases these relationships are not very sensitive.
This has significant implications for the choice of LPMs and the use of environmental tracers to constrain
groundwater models. Clearly, the approach will require refinement before it can provide more accurate esti-
mates of the entire age distribution, or even the higher moments of the age distribution. We speculate that
this might be accomplished by combining elements of this approach with mechanistic models of age and/
or LPMs to create a hybrid approach that uses the advantages of one approach to overcome the limitations
of the others. Ultimately, it seems that such combinations of various methods will be required in order to
determine age distributions, but the wide array of potential applications of age data make further pursuit of
these approaches a worthwhile endeavor.
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